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FIG. 1: Level structure of a molecular wire with N = 8 atomic sites which are attached to two leads.
quantized form
H
wire
(t) =
X
n;n
0
H
nn
0
(t) c
y
n
c
n
0
; (2)
where the fermionic operators c
n
, c
y
n
annihilate, respectively create, an electron in the atomic orbital jni and obey the
anti-commutation relation [c
n
; c
y
n
0
]
+
= Æ
n;n
0
. The inuence of the laser eld is given by a periodic time-dependence of
the on-site energies yielding a single particle Hamiltonian of the structure H
nn
0
(t) = H
nn
0
(t + T ), where T = 2=

is determined by the frequency 
 of the laser eld.
The orbitals j1i and jN i at the left and the right end of the molecule, that we shall term donor and acceptor,
respectively, are coupled to ideal leads (cf. Fig. 1) by the tunneling Hamiltonians
H
wire-leads
=
X
q
(V
qL
c
y
qL
c
1
+ V
qR
c
y
qR
c
N
) + H:c: (3)
The operator c
qL
(c
qR
) annihilates an electron in state Lq (Rq) on the left (right) lead. The leads are modeled as
non-interacting electrons with the Hamiltonian
H
leads
=
X
q
(
qL
c
y
qL
c
qL
+ 
qR
c
y
qR
c
qR
); (4)
where 
qL
is the single particle energy of the state qL and correspondingly for the right lead. As discussed above, the
leads can be described by a grand-canonical ensemble of electrons, i.e. by a density matrix
%
leads;eq
/ exp [ (H
leads
  
L
N
L
  
R
N
R
)=k
B
T ] ; (5)
where 
L=R
are the electro-chemical potentials and N
L=R
=
P
q
c
y
qL=R
c
qL=R
the electron numbers in the left/right
lead. As a consequence, the only non-trivial expectation values of lead operators read
hc
y
qL
c
qL
i = f(
qL
  
L
): (6)
Here, f(x) = (1 + e
x=k
B
T
)
 1
denotes the Fermi function.
A. Perturbation theory
While the leads and the wire, including the driving, will be treated exactly, we take the wire-lead Hamiltonian as a
perturbation into account. Starting from the Liouville-von Neumann equation ih _%(t) = [H(t); %(t)] together with the
factorizing initial condition %(t
0
) = %
wire
(t
0
)
 %
leads;eq
, we derive by standard techniques an approximate equation of
motion for the total density operator %(t). This is most conveniently achieved in the interaction picture with respect
to the uncoupled dynamics where the Liouville-von Neumann equation reads
ih
d
dt
~%(t; t
0
) = [
e
H
wire leads
(t; t
0
); ~%(t; t
0
)]: (7)
3The tilde denotes the corresponding interaction picture operators,
e
X(t; t
0
) = U
y
0
(t; t
0
)X(t)U
0
(t; t
0
) where the propa-
gator of the wire and the lead in the absence of the lead-wire coupling is given by the time-ordered product
U
0
(t; t
0
) =
 
T exp

 
i
h
Z
t
t
0
dt
00
[H
wire
(t
00
) +H
leads
]

: (8)
Equation (7) is equivalent to the following integral equation
~%(t; t
0
) = ~%(t
0
; t
0
) 
i
h
Z
t
t
0
dt
0
[
e
H
wire leads
(t
0
; t
0
); ~%(t
0
; t
0
)]: (9)
We reinsert this expression into the dierential equation (7) and use that to zeroth order in the molecule-lead coupling
the interaction-picture density operator does not change with time, ~%(t   ; t
0
)  ~%(t; t
0
). A transformation back to
the Schrodinger picture results in the following approximate equation of motion for the total density operator
7,8
_%(t) = 
i
h
[H
wire
(t) +H
leads
; %(t)] 
1
h
2
1
Z
0
d [H
wire leads
; [
e
H
wire leads
(t  ; t); %(t)]]
 
i
h
[H
wire leads
; U
0
(t; t
0
)%(t
0
)U
y
0
(t; t
0
)]:
(10)
Since we only consider asymptotic times t   t
0
! 1, we have set the upper limit in the integral to innity. The
third term in Eq. (10) stems from the initial condition at t
0
in the integrated form (9) of the Liouville-von Neumann
equation. For the chosen factorizing initial condition, it will not contribute to the expectation values calculated below.
The net (incoming minus outgoing) current through the left contact is given by the negative time derivative of the
electron number in the left lead, multiplied by the electron charge  e, i.e.
I
L
(t) = e tr[ _%(t)N
L
]: (11)
We insert _%(t) from Eq. (10) and obtain an expression that depends on the density of states in the leads times their
coupling strength to the connected sites. At this stage it is convenient to introduce the spectral density of the lead-wire
coupling
 
L=R
() =
2
h
X
q
jV
qL=R
j
2
Æ(   
qL=R
); (12)
which fully describes the leads' inuence. If the lead states are dense,  
L=R
() becomes a continuous function. Because
we are mainly interested in the behavior of the molecule and not in the details of the lead-wire coupling, we assume
that the conduction band width of the leads is much larger than all remaining relevant energy scales. Consequently,
we approximate in the so-called wide-band limit the functions  
L=R
() by the constant values  
L=R
. After some
algebra, we nd for the time-dependent net electrical current through the left contact the expression
I
L
(t) =
e 
L
h
Re
1
Z
0
d
Z
d e
i=h
n


~c
y
1
(t  ; t) c
1

  [c
1
; ~c
y
1
(t  ; t)]
+
f(   
L
)
o
; (13)
and correspondingly for the current through the contact on the right-hand side. Here, we made the assumption, that
the leads are at all times well described by the density operator (5). Note that the anti-commutator [c
1
; ~c
y
1
(t  ; t)]
+
is in fact a c-number. Like the expectation value hc
y
1
(t  ; t) c
1
i it depends on the dynamics of the isolated wire and
is inuenced by the external driving. The rst contribution of the -integral in Eq. (13) is readily evaluated to yield
an expression proportional to Æ( ). Thus, this term becomes local in time and reads e 
L


c
y
1
c
1

.
B. Floquet decomposition
Let us next focus on the single-particle dynamics of the driven molecule decoupled from the leads. Since its
Hamiltonian is periodic in time, H
nn
0
(t) = H
nn
0
(t+ T ), we can solve the corresponding time-dependent Schrodinger
equation within a Floquet approach. This means that we make use of the fact that there exists a complete set of
solutions of the form
16,19,20,21,22
j	

(t)i = e
 i

t=h
j

(t)i; j

(t)i = j

(t + T )i (14)
4with the quasi-energies 

. Since the so-called Floquet modes j

(t)i obey the time-periodicity of the driving eld,
they can be decomposed into the Fourier series
j

(t)i =
X
k
e
 ik
t
j
;k
i: (15)
This implies that the quasienergies 

come in classes,

;k
= 

+ kh
; k = 0;1;2; : : : ; (16)
of which all members represent the same solution of the Schrodinger equation. Therefore, the quasienergy spectrum
can be reduced to a single \Brillouin zone"  h
=2   < h
=2. In turn, all physical quantities that are computed
within a Floquet formalism are independent of the choice of a specic class member. Thus, a consistent description
must obey the so-called class invariance, i.e. it must be invariant under the substitution of one or several Floquet
states by equivalent ones,


; j

(t)i  ! 

+ k

h
; e
ik


t
j

(t)i; (17)
where k
1
; : : : ; k
N
are integers. In the Fourier decomposition (15), the prefactor exp(ik


t) corresponds to a shift of
the side band index so that the class invariance can be expressed equivalently as


; j
;k
i  ! 

+ k

h
; j
;k+k

i: (18)
Floquet states and quasienergies can be obtained from the quasienergy equation
15,16,19,20,21,22

X
n;n
0
jniH
nn
0
(t)hn
0
j   ih
d
dt

j

(t)i = 

j

(t)i: (19)
A wealth of methods for the solution of this eigenvalue problem can be found in the literature. For an overview, we
refer the reader to the reviews in Refs. 16,22, and the references therein.
As the equivalent of the one-particle Floquet states j

(t)i, we dene a Floquet picture for the fermionic creation
and annihilation operators c
y
n
, c
n
, by the time-dependent transformation
c

(t) =
X
n
h

(t)jni c
n
: (20)
The inverse transformation
c
n
=
X

hnj

(t)i c

(t) (21)
follows from the mutual orthogonality and the completeness of the Floquet states at equal times.
16,22
Note that the
right-hand side of Eq. (21) becomes t-independent after the summation. The operators c

(t) are constructed in such
a way that the time-dependences of the interaction picture operators ~c

(t  ; t) separate, which will turn out to be
crucial for the further analysis. Indeed, one can easily verify the relation
~c

(t  ; t) = U
y
0
(t   ; t) c

(t   )U
0
(t  ; t)
= e
i

=h
c

(t)
(22)
by dierentiating the denition in the rst line with respect to  and using that j

(t)i is a solution of the eigenvalue
equation (19). The fact that the initial condition ~c

(t; t) = c

(t) is fullled completes the proof. The corresponding
expression for the interaction picture operator in the on-site basis, ~c
n
(t   ; t), can be derived with help of Eq. (21)
at time t    together with (22) to read
~c
n
(t   ; t) =
X

hnj

(t   )ie
i

=h
c

(t) (23)
=
X
k
e
i(

=h+k
)
e
 ik
t
hnj
;k
ic

(t): (24)
Equations (22), (24), consequently allow to express the interaction picture operator ~c
y
1
(t ; t) appearing in the current
formula (13) via c

(t), dressed by exponential prefactors.
5This spectral decomposition allows one to carry out the time and energy integrals in the expression (13) for the net
current entering the wire from the left lead. Thus, we obtain
I
L
(t) =
X
k
e
 ik
t
I
k
L
; (25)
with the corresponding Fourier components
I
k
L
= e 
L

X
k
0
k
00
h
;k
0
+k
00
j1ih1j
;k+k
00
iR
;k
0
 
1
2
X
k
0

h
;k
0
j1ih1j
;k+k
0
i+ h
;k
0
 k
j1ih1j
;k
0
i

f(
;k
0
  
L
)

:
(26)
Here, we have introduced the expectation values
R

(t) = hc
y

(t)c

(t)i = R


(t) (27)
=
X
k
e
 ik
t
R
;k
: (28)
The Fourier decomposition in the last line is possible because all R

(t) are expectation values of a linear, dissipative,
periodically driven system and therefore share in the long-time limit the time-periodicity of the driving eld. In the
subspace of a single electron, R

reduces to the density matrix in the basis of the Floquet states which has been
used to describe dissipative driven quantum systems in Refs. 16,18,23,24,25,26.
The next step towards the stationary current is to nd the Fourier coeÆcients R
;k
at asymptotic times. To this
end, we derive from the equation of motion (10) a master equation for R

(t). Since all coeÆcients of this master
equation, as well as its asymptotic solution, are T -periodic, we can split it into its Fourier components. Finally, we
obtain for the R
;k
the inhomogeneous set of equations
i
h
(

  

+ kh
)R
;k
=
 
L
2
X
k
0

X

0
k
00
h
;k
0
+k
00
j1ih1j

0
;k+k
00
iR

0
;k
0
(29)
+
X

0
k
00
h

0
;k
0
+k
00
j1ih1j
;k+k
00
iR

0
;k
0
  h
;k
0
 k
j1ih1j
;k
0
if(
;k
0
  
L
)
  h
;k
0
j1ih1j
;k
0
+k
if(
;k
0
  
L
)

+ same terms with the replacement

 
L
; 
L
; j1ih1j
	
!

 
R
; 
R
; jN ihN j
	
:
For a consistent Floquet description, the current formula together with the master equation must obey class invariance.
Indeed, the simultaneous transformation with (18) of both the master equation (29) and the current formula (26)
amounts to a mere shift of summation indices and, thus, leaves the current as a physical quantity unchanged.
For the typical parameter values used below, a large number of sidebands contributes signicantly to the Fourier
decomposition of the Floquet modes j

(t)i. Numerical convergence for the solution of the master equation (29),
however, is already obtained by just using a few sidebands for the decomposition of R

(t). This keeps the numerical
eort relatively small and justies a posteriori the use of the Floquet representation (21). Yet we are able to treat
the problem beyond the rotating-wave-approximation.
C. Time-averaged current through the molecular wire
Equation (25) implies that the current I
L
(t) obeys the time-periodicity of the driving eld. Since we consider here
excitations by a laser eld, the corresponding driving frequency lies in the optical or infrared spectral range. In an
experiment one will thus only be able to measure the time-average of the current. For the net current entering through
the left contact it is given by

I
L
= I
0
L
= e 
L
X
k
h
X
k
0
h
;k
0
+k
j1ih1j
;k
0
iR
;k
  h
;k
j1ih1j
;k
if(
;k
  
L
)
i
:
(30)
6By replacing fj1i; Lg ! fjN i; Rg, one obtains for the current which enters from the right, I
R
(t), and the corresponding
Fourier coeÆcients and time averages.
Total charge conservation of the original wire-lead Hamiltonian (1) of course requires that the charge on the wire
can only change by current ow, amounting to the continuity equation
_
Q
wire
(t) = I
L
(t)+ I
R
(t). Since asymptotically,
the charge on the wire obeys at most the periodic time-dependence of the driving eld, the time-average of
_
Q
wire
(t)
must vanish in the long-time limit. From the continuity equation one then nds that

I
L
+

I
R
= 0, and we can
introduce the time-averaged current

I =

I
L
=  

I
R
: (31)
This continuity equation can be obtained directly from the average current formula (30) together with the master
equation (29), as has been explicitly shown in Ref. 8.
III. LASER-ENHANCED CURRENT
A. Bridged molecular wire
As a working model we consider a molecule consisting of a donor and an acceptor site and N   2 sites in between
(cf. Fig. 1). Each of the N sites is coupled to its nearest neighbors by a hopping matrix elements . The laser eld
renders each level oscillating in time with a position-dependent amplitude. Thus, the corresponding time-dependent
wire Hamiltonian reads
H
nn
0
(t) = (Æ
n;n
0
+1
+ Æ
n+1;n
0
) + [E
n
 Ax
n
cos(
t)] Æ
nn
0
;
(32)
where x
n
= (N + 1   2n)=2 is the scaled position of site jni. The energy a(t) equals the electron charge multiplied
by the electrical eld amplitude of the laser and the distance between two neighboring sites. The energies of the
donor and the acceptor orbitals are assumed to be at the level of the chemical potentials of the attached leads,
E
1
= E
N
= 
L
= 
R
. The bridge levels E
n
, n = 2; : : : ; N   1, lie E
B
  above the chemical potential, as sketched
in Figure 1.
In all numerical studies, we will use a symmetric coupling,  
L
=  
R
=  . The hopping matrix element  serves
as the energy unit; in a realistic wire molecule,  is of the order 0:1 eV. Thus, our chosen wire-lead hopping rate
  = 0:1=h yields e  = 2:56 10
 5
Ampere and 
  10=h corresponds to a laser frequency in the near infrared.
For a typical distance of 5

A between two neighboring sites, a driving amplitude A =  is equivalent to an electrical
eld strength of 2 10
6
V=cm.
B. Average current at resonant excitations
Let us rst discuss the static problem in the absence of the eld, i.e. for A = 0. In the present case where the
coupling between two neighboring sites is much weaker than the bridge energy,   E
B
, one nds two types of
eigenstates: One forms a doublet whose states are approximately given by (j1i  jN i)=
p
2. Its splitting can be
estimated in a perturbational approach
27
and is approximately given by 2(=E
B
)
N 2
. A second group of states is
located on the bridge. It consists of N   2 levels with energies in the range [E
B
  2; E
B
+ 2]. In the absence of
the driving eld, these bridge states mediate the super-exchange between the donor and the acceptor. This yields an
exponentially decaying length dependence of the conductance.
3,10
This behavior changes signicantly when a driving eld with a frequency 
  E
B
=h is switched on. Then the
resonant bridge levels merge with the donor and the acceptor state to form a Floquet state. This opens a direct
channel for the transport resulting in an enhancement of the electron current as depicted in Figure 2 where we plot
the current amplication, dened as the ratio of the time-averaged current to the current in the absence of the laser,
 =

I=I
0
: In a wire with N = 8 sites, one nds peaks in the current when the driving frequency matches the energy
dierence between the donor/acceptor doublet and one of the N   2 = 6 bridge levels. The applied voltage is always
chosen so small that the bridge levels lie below the chemical potentials of the leads. The amplication, can assume
many orders of magnitude, cf. Figure 2. Generally, the response of a system to a weak resonant driving scales with the
damping and the driving amplitude. Figure 3 demonstrates this behavior for the peaks of the electrical current. The
peak heights at the maxima of the time-averaged current are found proportional to A
2
= . A further scaling behavior is
found for the current peaks as a function of the wire length: The average current no longer exhibits the exponentially
decaying length dependence that has been found for bridged super-exchange. By contrast, it emerges proportional to
7Ω [/h]
η
=
 I
/I
0
13121110987
107
106
105
104
FIG. 2: Amplication of the time-averaged current through the wire sketched in Figure 1 with E
B
= 10. The scaled amplitude
is A = 0:1; the applied voltage 
L
  
R
= 5=e. The other parameters read   =  
L
=  
R
= 0:1=h, k
B
T = 0:25.
A = 0.3, hΓ = 0.1
A = 0.2, hΓ = 0.2
A = 0.1, hΓ = 0.3
Ω [/h]
 I
Γ
/A
2
[1
0−
3
e/
h
2
]
13121110987
2.0
1.5
1.0
0.5
0.0
FIG. 3: Average current

I as a function of the the driving frequency 
 for various driving amplitudes A and coupling
strength   =  
L
=  
R
. All the other parameters are as in Fig. 2.
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Ω [/h]
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−
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3
eΓ
]
13121110987
12
10
8
6
4
2
0
FIG. 4: Average current

I as a function of the the driving frequency 
 for various wire length N . All the other parameters
are as in Fig. 2.
81=(N   1). This can be appreciated in Figure 4 where the scale of the abscissa is chosen proportional to N   1 such
that it suggests a common envelope function. Put dierently, the current is essentially inversely proportional to the
length as in the case of Ohmic conductance.
In summary, we nd current peaks whose height

I
peak
scales according to

I
peak
/
A
2
(N   1) 
: (33)
Thus, the current is especially for long wires much larger than the corresponding current in the absence of the driving.
IV. CONCLUSIONS
We have presented a detailed derivation of the Floquet transport formalism which has been applied in Refs. 7,8,9.
The analysis of a bridged molecular wire revealed that resonant excitations from the levels that connect the molecule
to the external leads to bridge levels yield peaks in the current as a function of the driving frequency. In a regime
with weak driving and weak electron-lead coupling,    ; A, the peak heights scale with the coupling strength,
the driving amplitude, and the wire length. The laser irradiation induces a large current enhancement of several
orders of magnitude. The observation of these resonances could serve as an experimental starting point for the more
challenging attempt of measuring quantum ratchet eects
7,8
or current switching by laser elds.
9
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